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ABSTRACT In order to  characterize branched low-density polyethylenes (LDPE 1, LDPE 3, and Lupolen 
1840 D) by means of light scattering, particle scattering factors for different branched structures were cal- 
culated and compared with experimentally determined values. Three models were considered in some 
detail: (i) heterogeneous combs with branches of equal length; (ii) combs, monodisperse with respect to the 
molar mass and polydisperse with respect to the length of a branch; (iii) random branched polymer trees 
of the kind A,-B,. Additionally, the results were analyzed by means of space correlation functions. For 
LDPE 1 and LDPE 3 it was found that the comb models describe the observed particle scattering factors 
quite well. Best-fit values of the number of long branches per molecule, nb, agree well with those derived 
from the g ratio, which is defined as the ratio of the square radii of gyration of a branched to a linear mac- 
romolecule, both containing equal number of segments. The molecular structure of Lupolen 1840 D in 
some respects is that of a comb and in others is that of a polymer tree, of the kind A,-B,. Superimpose- 
ment of particle scattering factors, assigned to these structures, gives the best measure of agreement between 
theory and experiment. 

Introduction 
Light will be scattered by a molecule in solution if the 

molecule has a polarizability different from its surround- 
ings. In this case, the oscillating dipole moment, induced 
by the electric field of the incident light beam, will radi- 
ate light in all directions. Destructive interference occurs. 
As a result, the intensity of the scattered light will vary 
depending on the size of the scattering molecule and the 
magnitude of the scattering vector, q = (47r/A') sin (e /  
2). Here, A' is the wavelength in the medium, and t9 is 
the scattering angle. The ratio of the scattered light inten- 
sity le a t  the scattering angle d to the extrapolated zero 
angle scattered light intensity I,, is called the particle scat- 
tering factor P(q) .  

P(q)  can be presented by eq 1, where N is the total 

number of segments per chain and rij is the distance 
between segments i and j .  The angular brackets are related 
to the changes in the configurations of the chain brought 
on by the flexibility of its segments. If the Gaussian dis- 
tribution function is used for rij 

w(rij) = (3/27r(rij 2 )) 312 exp(-3ri?/2(ri?})47rrg2 (2) 
eq 1 yields the result 

- 
((sin (qrij))/(qrij)) = exp(q2ri?/6) 

Thus it holds that 

The exact form of the particle scattering factor depends 
on the special molecular structure of the macromolecule. 
For instance, Debye' made the assumption, consistent 
with linear macromolecules and Gaussian statistics, that 
(rij2) = li - j ib2,  where b is the length of a segment. He 
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thus obtained the famous result 

~ ( q )  = (2/x2) (exp(-x) - 1 + x )  (4) 
where x = 167r2(S2)(sin (6/2)/A')'. Here, (S') is the mean- 
square radius of gyration. Equation 4 is called the Debye 
function. 

In any other case, especially in the case of branched 
molecular structures, the evaluation of P(q)  is much more 
complicated than stated by Debye. A problem is how 
the double sum in eq 3 can be evaluated, since the diffi- 
culties are mainly of a combinative nature. Therefore 
different calculation techniques have been developed, 
where Debye's technique, the theory of the cascade pro- 
cess,' and the percolation theory3 are essential. The great 
advantage of the cascade theory compared with Debye's 
technique is that it reduces the use of probability the- 
ory by introducing the concept of a statistical forest of 
polymer trees, defined by the probability generating func- 
tion for the number of offsprings in each generation. Also 
with respect to this theory the understanding of the com- 
bined effects of branching and polydispersity on various 
physical properties is advanced. On the other hand, per- 
colation simulations on a computer demonstrate nicely 
the formation of a well-defined ~ u r f a c e , ~  whereas the pre- 
diction of the gel point still remains poor. 

It is the purpose of this paper to compare experimen- 
tal values of P(q)  estimated for branched low-density poly- 
ethylenes, studied in the preceding paper,5 which those 
computed here for model structures. Thereby we can 
draw conclusions concerning the branching structure of 
low-density polyethylene. 

Obviously, quite a large number of different branched 
structures are conceivable, even if the fraction of the 
branching units in the polymer is kept constant. A selec- 
tion is indispensable. According to ref 5 there are three 
groups of branched structures which are of special inter- 
est: (i) heterogeneous combs, with branches of equal length; 
(ii) combs, monodisperse with respect to the molar mass 
and polydisperse with respect to the length of a branch; 
(iii) random branched polymer trees of the kind A,-B,. 
In order to derive theoretical expressions for P(q)  con- 
cerning these models, we make use of Debye's technique 
and the theory of the cascade process. Percolation the- 
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ory yields results, which are in some detail ambiguous. 
In addition, we evaluate the Fourier transform of the par- 
ticle scattering factor, which is called the space correla- 
tion function and is closely related to the segment-den- 
sity distribution. 

Data Handling 
Measurements were made by using vertically polar- 

ized light of wavelengths 366,436, and 546 nm supplied 
from a medium-pressure mercury lamp. The particle scat- 
tering factors a t  different concentrations were extrapo- 
lated to infinite dilution and then superimposed a t  the 
three different wavelengths by plotting the normalized 
curve of P1(q) against the variable q2, where q has been 
corrected for the refractive index of n-decane for T = 
130 OC a t  different wavelengths. I t  is to be particularly 
noted that the data points obtained at  the three wave- 
lengths overlap smoothly, thus imparting confidence to 
the important region of the high abscissa values. It should 
also be noted that the range of abscissa values accessi- 
ble to measurement by an angular scan has been dou- 
bled by extending the wavelength of the incident radia- 
tion from 546 nm down to 366 nm. Finally, the mean- 
square radius of gyration was determined from the slope 
at  infinite dilution of the smooth curve P-l (q)  versus 4'. 
For detailed information we refer to ref 5 .  

Heterogeneous Combs 
The most complete theoretical work on the particle 

scattering factors of comb macromolecules appeared in 
1966, suggested by Casassa and Berry.' In the case of 
heterogeneous combs, formed by the random incorpora- 
tion of an average number, f ,  of monodisperse branches 
onto a monodisperse backbone, the particle scattering 
factor is given by 

2 - 
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Table I 
Weight Factors w, 

1 +  ~ 7 

f ,  u, and X are all average values concerning the fact that 
Casassa and Berry have used a binomial distribution for 
the number of branches placed on the backbone. This 
causes a distribution around an average molar-mass, which 
is symptomatic for heterogeneous combs. u is defined 
as u = q2Nb2/6, where N is the total number of seg- 
ments and b is the length of a segment. Here, X-ray 
analysis7 states that b is equal to 10 A. x denotes the 
ratio N o / N ,  where No is the average number of seg- 
ments building the backbone. In order to compare the 
experimental values of P ( q )  with those computed by eq 
5 ,  we have to take in account certain important facts, 
which are stated below. 

(1) 13C NMR measurements5 state that the LDPE's 
studied here contain both different short branches as well 
some long branches, where the average number, nb, of 
segments per long branch is unknown. Therefore we con- 
sider a model polymer composed of several groups of het- 
erogeneous comb molecules, where each group is charac- 
terized by combs with branches of equal length. I t  fol- 
lows that each group must be associated with its own 
particle scattering factor. In order to get the particle 
scattering factor, which describes the whole sample, we 
have to sum the individual particle scattering factors, after 

no. of segments per branch 

sample 1 2 3 4 5 nr. 
LDPE 1 0.043 0.295 0.000 0.436 0.113 0.113 
LDPE 3 0.088 0.190 0.000 0.454 0.134 0.134 
Lupolen 1840 D 0.084 0.305 0,000 0.385 0.120 0.120 

Table I1 
Best-Fit Values of nbn 

samde 

method LDPE 1 LDPE 3 Lupolen 1840 D 
g ratio5 32 62 9 
psf (es 6) 28 66 
psf (es 10) 35 60 
a psf = particle scattering factor. 

having weighted them to their relative frequency. We 
can therefore write 

i=l  

where wi is the weight factor according to the particle 
scattering factor Pi(q),  which describes a heterogeneous 
comb, where each branch obtains i segments. 

Here, the average number of branches per molecule 
and the number of segments associated with each branch, 
except that of a long branch, are known from 13C NMR 
measurements. Thus, it is necessary to set wi equal to 
the relative branching frequency per molecule according 
to the case that a branch contains i segments. Values of 
wi,  estimated by this procedure, are listed in Table I. 

Finally the unknown parameter nb may be used as fit 
parameter, whereby the best-fit values of n b  are summa- 
rized in Table 11. A discussion of Table I1 will be included 
in a later section. 

(2) Secondly, we have to take into account the effect 
of polydispersity. I t  holds that 

where f ( N )  denotes the distribution of different degrees 
of polymerization. In accordance with ref 5,  we use the 
three-parameter distribution, suggested by Hosemann and 
Schramek. Thereby, it must be noted that the integra- 
tion of eq 6 cannot be performed explicitly. A useful 
quadrature is that of Gauss-Laguerre. 

(3) Finally, we have to pay attention to the effect of 
excluded volume, which destroys the Markovian nature 
of a random coil. Particularly, ( r iT)  increases more rap- 
idly with the number of segments, li - j l ,  as eq 2 states. 
Therefore, Ptitsyn and Benoit' proposed to use a rela- 
tionship like 

(ri:) = li -j l l+fb2 ( 7 )  
where t is a parameter which is zero in a 8 solvent and 
greater than zero in a good solvent. Of course, if E = 0 
eq 7 reduces to the Debye equation. In order to get t ,  
Ptitsyn and Benoit used the Mark-Houwink equation 
[7] = KM", where t is equal to (2a - 1)/3. [o] is called 
the intrinsic viscosity, and K is a constant, which depends 
on the short-range interactions inside the chain. 

However, several authors' found that use of eq 7 seri- 
ously overestimates the value of t with regard to fit exper- 
imental data of P(q) .  Therefore, in the case of branched 
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need a more realistic model, which will be presented in 
the next section. 

Combs: Monodisperse with Respect to Molar Mass 
and Polydisperse with Respect to the Length of a 
Branch 

In the preceding section, we have considered comb mol- 
ecules, where each branch possesses an equal number of 
segments. Now, we explore comb molecules, which are 
both monodisperse with regard to the degree of polymer- 
ization and monodisperse with regard to the number of 
total branching points per molecule, but we suppose the 
number of segments per branch to be an arbitrary dis- 
tribution. In addition, we keep up the irregular place- 
ment of the branches along the backbone. 

As a starting point, we utilize the model sketched in 
Figure 2. The comb molecule contains f branches, divided 
into groups off,, branches, each with n, segments, ran- 
domly attached to the backbone of No segments. It holds 
that 

2 Y  ' t  
(a )  LDPE 1 

10 
0 '  " " " " '  ' 
0 2 L 6 8 

15 r 

0 '  ' " " " ' 
o 2 L 6 a i o  12 11 16 

3 1  /" 
( c )  Lupolen 18LO D 

10 
0 '  " " " " " 
0 2 L 6 8 

isin(e/2)/X)' /m' 
Figure 1. Particle scattering factors calculated by the hetero- 
geneous comb model: (a) LDPE 1, (b) LDPE 3, and (c) Lupolen 
1840 D. 

molecules, we think it may be better to use a relation- 
ship of the form 

($) = a21i -jib2 (8) 
Here, a is the expansion factor, defined as a = ((S2),/ 
( S2),,e]0'5 where ( S2),,e denotes the mean-square radius 
of gyration in the 6 state. Values of a are reported in 
the preceding paper.5 Equation 8 is easy to use. Com- 
pared to eq 5,  we have only to replace u by a2u. 

However, it  would be more appropriate to use a some- 
what more realistic distribution than eq 2. Such a dis- 
tribution was previously proposed by McIntyre," which 
was reduced from Monte Carlo calculations, but the details 
are not yet available. 

Now, we are able to compare the experimental results 
with those predicted by the heterogeneous comb model. 
Values of the inverse of the particle scattering factor P(q),, 
computed from eq 6 ,  are plotted versus q2 together with 
experimental values, shown by squares, in Figure 1, parts 
a-c. Best-fit values of nb are collected in Table 11. 

We find that with regard to LDPE 1 and LDPE 3 val- 
ues of nb agree very well with those presented in ref 5, 
determined there with respect to the g ratio. In contra- 
diction, the best-fit value of nb for Lupolen (n, > 100) is 
about a factor of 10 larger than one estimated by the g 
ratio. This discrepancy is too high to be sure that Lupolen 
possesses a structure like a comb. However, the comb 
model, used here, is relatively simple. To prove this, we 

m m 

N and f are the total number of segments or the total 
number of branching points per molecule, respectively. 
m denotes the number of different branch types, which 
are distinguished by their length. 

It is convenient to number chain segments on the back- 
bone serially from 1 to No and in each branch from 1 to 
n, beginning at  the junction. The spacing of the branches 
is specified by the f segments i,,, where i,, denotes the 
1st branching point of the backbone that serves as a point 
of attachment for a branch containing n, segments. 

Thus we obtain three classes of segment pairs: (a) both 
segments of the pair j and k on the backbone 

~ j & = l i - I z l ; l I j I N o ; l I k I N o  
(b) one segment on the backbone and one on branch p, 

x i k = l i - j r , l + k ; l I j I N o ; 1 I k I n l  

(c) segments j and k on branches p, and up confining the 
case pi = up 

x j k = l i p , - j v P l + j + k ; 1 I j I n l ; 1 I k < n ,  

Here, xjk denotes the number of segments along the chain 
separating segment j from segment k. In order to obtain 
an explicit expression for P(q) ,  we make use of eq 3, where 

The double summation must be carried out over all com- 
binations of segment pairs, stated above; with j # k. It  
follows that 

P p ( e )  = 

I 

No and N take on values much larger than 1; t takes on 
a value much smaller than 1. Obviously, the first sum, 
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IC)  Lupden 18LO D 
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that any particular segment of the backbone bears a 
branch. Then in analogy to S1 it follows that 

~2 = 2~ exp(- t )C-  
m f r  ( exp(-tnl) - 1) 

I No exp(-t) - 1 
Assuming stochastical independence for the building of 
branches at  segments on the backbone, the third sum, 
S3, can be transformed by similar arguments, as stated 
above, into a double sum. We obtain 

exp(-tnJ - 1 exp(-tn,) - 1 

' 12 

Figure 2. Schematic diagram of a comb molecule constructed 
from a backbone chain of No chain segments off branches, where 
the branches contain different number of segments n. 

0 '  " " " " 
0 2 L 6 8 10 12 1L 16 

S1, can be replaced by a double integral. Performing 
this integration we get 

S1 = Z ~ ~ e x p ( - t ( i  - k)) dk d j  

2 S1 = $tNo + exp(-tNo) - 1) = \k 

where \k is the well-known Debye function for a linear 
macromolecule with No segments. The second sum, S2, 
can be transformed into a 3-fold sum, since exp(-t(P 
- j,,l + k)) is simply a geometric series. 

~2 = 2 T F , ~  exp[-t(b - j,d + I)] 

t 

exp(-tnl) - 1 0 fi No 

1 111 j exp(-t) - 1 

The branches are placed at  random along the backbone. 
j P r  takes on all values between 1 and No; thus it is real- 
istic to assume that there is effectively a continuous dis- 
tribution of j U l ,  characterized by the probability f l / N o ,  

exp(-tn,) - 1 

exp(-t) - 1 
Combining these results with eq 9, we get 

)+  exp(-tnl) - 1 

exp(-t) - 1 

In order to prove eq 10, we let q decrease to zero. If 
there is no mistake P P ( g )  must be convergence to P. 
In fact, this is the case. I t  therefore holds that 

At the other extreme, when f = 0, eq 10 reduces to the 
Debye function. So, two necessary conditions concern- 
ing the applicability of eq 10 are fulfilled. In spite of 
this, we are able to compare the experimental results for 
P(q) ,  with those computed by eq 10. Then by taking 
into account the effect of polydispersity and the effect 
of excluded volume as described above, we get the curves 
given in Figure 3, parts a-c. 

The experimental P(q)=-' data for LDPE 1 or LDPE 
3 are seen to be in good agreement with the theoretical 
prediction. Best-fit values of nb, listed in Table 11, agree 
quite well with those estimated by the g ratio. Thus, it 
seems likely that LDPE 1 and LDPE 3 possess a molec- 
ular structure similar to a comb. However, the data of 
P(q);l and nb are affected by an error of 1 and 10%. 
Consequently, it is not possible to decide whether the 
first or the second comb model describes the experimen- 
tal data best. Similar results are also obtained when deal- 
ing with other kinds of comb structures. This illustrates 
the limits of utility and meaning which can be attrib- 
uted to particle scattering factors. 

A t  first sight, the spectrum of Lupolen 1840 D also 
shows quite good agreement between theory and exper- 
iment. However, the best-fit value of nb is on the order 
of magnitude of 60 in contrast to the magnitude of 9 
derived from the g ratio. Thus, we believe Lupolen pos- 
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Figure 4. (a) Projection of a coiled polymer tree of the kind 
A,-B, and (b) the topological equivalent tree diagram, 
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sesses a different kind of branched structure to LDPE 1 
or LDPE 3. Structures like stars or rings are unlikely in 
regard to the mechanism of polymerization of LDPE's. 
A probable structure according to the preceding paper5 
is that of a polymer tree. A special model, the A,-B, 
polymer tree, will be presented in the next section. 

Random Branched Trees of the Kind A,-B, 
The low-density polyethylene, used here, was obtained 

by free-radical polymerization. In order to develop a model 
for this process, we consider a linear chain containing y 
carbon atoms as a monomer, which possesses at both ends 
one free electron. An electron may be understood as func- 
tionality A and a C-H group as functionality B. 

Obviously, we get a monomer of the kind A,-B,, where 
x denotes the number of C-H groups per monomer, which 
are able to react with an A functionality. Because of steric 
reasons the value of x is in general smaller than 2y. The 
possible reactions during the free-radical polymerization 
are shown in Scheme I. The extent of branching depends 
on the conditions of the reaction, e.g. temperature and 
pressure. At  one extreme there will be no reaction of 
the C-H groups at all, and the effective functionality of 
the monomer is two. Here, we have no branching, and 
the resulting macromolecule is a linear one. At  the other 
extreme, the C-H groups react extensively with free elec- 
trons. In this case, the branching frequency increases in 
the course of reaction, and we get a branched structure 
similar to that sketched in Figure 4. 

The probability that a certain functionality A of a poly- 
mer tree reacts with a functionality A of a free monomer 
is concerned with energetic reasons with respect to the 
small length of the monomer (ethylene; y = 2), which is 
much larger than the probability that functionality A of 
a tree reacts with functionality B of a monomer. Thus, 
we have to take into account the reaction A - A, repre- 
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Table 111 

functionality with functionality with the link 
A or B A or B of probability 

of a tree reacts a free monomer a, 0, or B 
A 
A 
B 
B 

A a 
B 0 
A s 
B 0 

sented by the link probability cy, whereas we can neglect 
the reaction A - B. 

A polymer tree possesses much more functionalities of 
the kind B than of the kind A. Thus, it is more likely 
that a free monomer meets a B rather than an A func- 
tionality of a tree. A random meeting of two B function- 
alities does not give a link. Thus, we have only to account 
for the reaction B - A, which may be represented by 
the link probability a. The possibilities of reaction and 
the assigned link probabilities are summarized in Table 
111. 

In order to provide a relationship between the link prob- 
abilities and the particle scattering factor P(q),, we make 
use of the cascade theory, developed by Good and 
Gordon." Thereby for simplicity we assume that aver- 
aging all subchains of a polymer tree follows Gaussian 
statistics. I t  follows that 

(11) 

where P is the transition probability matrix. The matrix 
P#J is of the same form as P but now the transition prob- 
abilities have to be multiplied by factors c $ ~ ~  = exp(-b.2q2/ 
6), where b, is the effective bond length between tunc- 
t ipal i ty  i and j (i, j = A, B). Here bij is a constant. 
(N(1)) denotes a vector, which contains the population 
number of the root linked segments in the first genera- 
tion of a polymer tree. P, denotes the weight-average 
degree of polymerization. 

In order to construct (fi(1)) and P we make use of 
probability-generating functions." First, we consider func- 
tionality A. The distribution of reactants is very simple 
because there is only one probability (functionality A has 
bound another monomer) and a probability 1 - a (no 
monomer is bound). The definition of a generating func- 
tion requires that the probability for no event has to be 
multiplied by SAo = 1, and the probability for one event 
by SA' = SA; hence, the probability-generating function 
for functionality A is given by 

P z ( q ) t  = 1 + ccR(i))r(i -pd-lii) 

FA(s) = 1 - + "SA 

In an analogous manner we get the probability-gener- 
ating function for the functional group B. It  holds that 

FB(s)  = 1 - ,d + @SA 

The monomer segment chosen as root bears two func- 
tional groups of the kind A and x functional groups of 
the kind B. Thus, the distribution of offspring is 2-fold 
with respect to the x-fold convolution of the functional 
group probability. It follows that 

F,(s) = ((1 -a) + aS~)'(1 - fl  + @SA)' 

where F,,(S) is the generating function of the polymer 
root. 

A monomer in the first generation of a polymer tree, 
or in any higher generation, has only one functionality 
of the kind A but x functionalities of the kind B avail- 
able for further reactions. In addition, the transition prob- 
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ability wAAB is equal to zero. Thus we can write 

FiA(S) = (( 1 - a )  + (1 - 8 + pis,)' FnA 

FIB(S) = 1 = F n B ,  da wA-B 0 

where FIA(S) and FIB(& are the generating functions with 
respect to the first generat_ion. Now, it is simple to cal- 
culate the expression for ( N (  l) ), P, and (1 - Pc#I)-', which 
are listed below. 
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6 r  

= (2a + x p  0) 

Introducing these expressions into eq 11, we get the final 
result. 

(12) PJYq), = (1 + a$)/(l-  (a + xP)@) 
Further it follows that 

P, = lim P>(q), = (1 + a)/(l  - ( a  + xp)) (13) 
q+l 

(S'),  = -3dP(q),/dq2 = b2P,(2a + ~ p ) / ( 2  (1 + a)*) (14) 
In order to compare the results, predicted by eq 12, with 
those of the experiment, the values of the link probabil- 
ities a and /3 must be known. We get them by solving 
eq 13 and 14 with respect to P, and (S'),. Values of P, 
and ( S2), are reported in ref 5 .  Figure 5, parts a-c, show 
the pertaining plots. For comparison, the particle scat- 
tering factor of a heterogeneous comb is also pictured. 

The most striking feature concerning polymer trees of 
the kind A,-B, is the strong upward curvature of P(q)*-', 
in divergence to the experimental data. With regard to 
LDPE 1 and LDPE 3 this can be interpreted as justifi- 
cation for the comb hypothesis. However, we could expect 
a better agreement between theory and experiment for 
Lupolen 1840 D. The standard deviation of P(q)*-' is 
just as large as those estimated for the comb models. 
Despite this, it is possible to get a quite good fit for the 
spectrum of Lupolen. We have only to superimpose the 
P(q),-' function representing a heterogeneous comb with 
those representing a polymer tree of the kind A,-B,, each 
weighted by the factor 0.5. Figure 6 shows this fit. Con- 
sequently, Lupolen possesses a branched structure, which 
seems in some details to be a comb and in some others 
to be a tree. 

Finally, we have to prove whether our results are con- 
sistent with those presented in the preceding paper.5 There 
we have stated that two dissolved Lupolen molecules, if 
they meet together, can interpenetrate each other some- 
what less than two LDPE 1 or LDPE 3 molecules can. 
The next section, dealing with the segment-density func- 
tion, will examine this statement. 
Correlation Functions 

The concept of correlation functions was introduced 
by Debye and Bueche13 in order to describe inhomoge- 
neities in solid material. In dilute solutions, observed 
here, the motion of molecules can be assumed to be com- 
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Figure 5. Particle scattering factors calculated by the A,-B, 
tree model: (a) LDPE 1, (b) LDPE 3, and (c) Lupolen 1840 D, 
(1) polymer tree and (2) heterogeneous comb. 
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Figure 6. Lupolen 1840 D: particle scattering factor attained 
by superimposement of P ( q )  factors describing a heteroge- 
neous comb and a A,-B, tree. 

pletely independent from each other, and under these 
circumstances the correlation function y(r)47rr2 dr is the 
probability of finding another segment of the same mol- 
ecule in the spheric shell of r and r + dr, if the reference 
segment is at position r = 0. Outside the molecule domain 
y ( r )  is equal to zero. Often, y(r) is called the segment- 
density distribution, which states that molecules of equal 
size but of different molecular structure must be associ- 
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ated with different segment-density distributions. y(r) 
can be calculated by application of the Fourier theorem 
to the particle scattering factor, It holds that 

( 2 ~ ) ~ r - h )  = J=PCQ), sin (qr) dq (15) 
Expressions for P(g)*, which yield an excellent fi t  with 
regard to the LDPE’s, studied here, are listed below. 

sample best-fit expression for P(4). 
~~ 

Lupolen 1840 D 
LDPE 1; LDPE 3 

P(q),  = 1 - ‘ /~ (s2) ,q2  
P(q) ,  = (1 + Aq2)-0.5 

(S2), is the mean-square radius of gyration. A denotes 
a parameter, which is equal to 2/3(S2),. Curves of P(q) ,  
are pictured in Figure 7, parts a-c. 

Equation 15 for Lupolen 1840 D gives 

y ( r )  = (3/2)7r-5/2(r ( S2),)-1/2 exp(-(3/ ( S2 )z)0.5r) 
With regard to LDPE 1 and LDPE 3 we find that 

y(r) = (3/4)r-7/2(r( s2 ) z ) - 1 / 2 ~ l ( r /  ((2/3) (s2),)09 
where K, ( r )  is MacDonald’s function of the first kind. 
Values of K,(r) are tabulated in the 1i terat~re . l~ 

Plots of 4rr2y(r) versus r are shown in Figure 8. In 
general, it is not simple to interpret the curvature of a 
correlation function. Fluctuating between different mol- 
ecules will be correlated and will give rise to interparti- 
cle scattering. Therefore, the apparent mean-square radius 
of gyration due to eq 15 will be larger than that of the 
isolated molecule. For instance, aggregates will behave 
like branched molecules, and (S2), will be that of the 
aggregate. 

Here, it can be seen that the correlation function of 
Lupolen 1840 D is much more broader than one of LDPE 
1 or LDPE 3. A possible conclusion may be stated as 
follows. 

Previously, we showed that (1) LDPE 1 and LDPE 3 
possess a molecular structure, which can be described 
quite well as being comblike, and (2) that the molecular 
structure of Lupolen 1840 D lies somewhere between a 
comb and one of a tree. Figure 9, parts a and b, illus- 
trates this idea. 

Now, taking these sketches as a base, we may draw 
imaginary circles a t  distances of dr around the centers 
of mass. This yields circle shells, each occupied with a 
definite number of segments. Then, we plot the num- 
ber of segments per shell against the radius of the per- 
taining circle. The result presents to a first approxima- 
tion the segment-density function y(r )r2  dr. Doing so, 
we come to the result that the segment-density function 
of Figure 9b (Lupolen 1840 D) is broader than those of 
Figure 9a (LDPE 1 or LDPE 3), a result which is consis- 
tent with the experiment. 

Finally, we can inspect the problem of interpretation. 
According to Figure 9, the segment density in a unit vol- 
ume is larger for Lupolen than for LDPE 1 or LDPE 3. 
Thus, two Lupolen molecules will hinder each other more, 
if they try to interpenetrate, than two LDPE 1 or LDPE 
3 molecules will. Consequently, the degree of interpen- 
etration is higher for LDPE 1 or LDPE 3 than for Lupolen 
1840 D, which is consistent with the statement of the 
preceding paper. 

Conclusions 
(1) In the paper presented here, particle scattering fac- 

tors, based on models for different branched molecular 
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Figure 7. Particle scattering factors calculated by correlation 
functions: (a) LDPE 1, (b) LDPE 3, and (c) Lupolen 1840 D. 
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Figure 8. Correlation functions. 

structures, were calculated and compared with experi- 
mental results, derived for some low-density polyethyl- 
enes. Values of P(q), ,  computed with respect to both of 
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any way to discriminate their contributions. I t  is rather 
deplorable, but certainly the case, that care in interpret- 
ing the P(q),-' functions in terms of particle shape and 
polydispersity cannot be overemphasized. Therefore, all 
interpretations concerning particle shape should be proved 
by other physical methods. We, for instance, plan to per- 
form neutron, synchrotron, and dynamic light scattering 
measurements in order to confirm our results. 

(4) Finally, a few comments have to be made about 
the calculation techniques used here. The stochastical 
theory of cascade processes presents a relatively comfort- 
able technique in computing particle scattering factors. 
Much more complicated models can be treated from the 
conditions of a chemical preparation than by use of Debye's 
technique. Nevertheless, some doubt may be allowed, 
whether this theory takes correctly into account the effect 
of polydispersity, namely, the true form of the molar mass 
distribution. In order be certain and avoid this diffi- 
culty, it may be better to use Debye's technique. The 
best agreement between experiment and theory will be 
obtained by working with correlation functions, which 
often allows an immediate qualitative interpretation of 
scattering curves without time-consuming model calcu- 
lations. However, correlation functions comprise the effects 
of intra- and interparticle scattering, which limits its appli- 
cation. 

Summarizing these considerations we conclude that each 
technique reported here has both its advantages as well 
as its disadvantages, which emphasizes that in practice 
one cannot ignore neither the one nor the other concept. 
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Figure 9. Proposed molecular structures: (a) LDPE 1 or LDPE 
3 and (b) Lupolen 1840 D. 

the comb models, agree well with the experimental data 
with regard to LDPE 1 and LDPE 3. However, the accu- 
racy of the experimental data is not of a high enough 
order to decide which of the comb models describes the 
spectra best. The theoretical predictions concerning 
Lupolen 1840 D are in somewhat poorer agreement with 
experiment. A quite good fit of P(q)z-l is obtained by a 
superimposement of the particle scattering factor, describ- 
ing a comb molecule with one describing a polymer tree 
of the kind A,-B,. Confirmation according to this sup- 
position will be attained from an analysis of the correla- 
tion function, which states that the segment density of a 
Lupolen molecule is larger than that of a LDPE 1 or LDPE 
3 molecule. This is consistent to the finding that two 
LDPE 1 or LDPE 3 molecules are less hindered than 
two Lupolen molecules, if they try to interpenetrate each 
other. 

(2) The models, presented here, incorporate the effect 
of excluded volume in a somewhat simple manner. We 
have used the relationship (ri;) = a21i - j lb2.  On the 
other hand, we get by this procedure values for nb, con- 
cerning the number of segments per long branch, which 
are in good agreement with those derived in the previ- 
ous paper.5 However, further calculations are planned 
to prove this statement. 

(3) As has been shown in preceding sections of this 
paper, the particle scattering factor P(q) ,  or its recipro- 
cal P(q),-' can, in principle, yield important information 
on the size, shape, and polydispersity of scattering par- 
ticles. The theory of evaluating P(q)  factors has been 
developed to a rather high degree of perfection. The lim- 
iting factor in applying the achievements of the theory 
is its failure to analyze successfully the scattering behav- 
ior of systems in which the influence of more than one 
effect is operative and unknown simultaneously. For 
instance, conclusions concerning the shape of dissolved 
macromolecules can be drawn only with systems consist- 
ing solely of particles of the same shape and exactly known 
polydispersity of molecular mass. Otherwise the individ- 
ual effects superimpose on each other, and there is hardly 
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